Numerical, two-dimensional, time-dependent hydrodynamical models of geometrically thick accretion discs around black holes are presented. Accretion flows with non-effective radiation cooling (ADAFs) can be both convectively stable or unstable depending on the value of the viscosity parameter a. The high-viscosity flows (a Ӎ 1) are stable and have a strong equatorial inflow and bipolar outflows. The low-viscosity flows (a Շ 0:1) are convectively unstable and this induces quasi-periodic variability, with typical time-scales in the observed range of quasiperiodic oscillations.
I N T R O D U C T I O N
In the standard accretion disc model (Shakura 1972; Shakura & Sunyaev 1973 ) the locally released binding energy of the accretion gas is almost instantly radiated away. Assumed very efficient radiative cooling causes the standard disc models to be geometrically thin. If the accreted gas is unable to cool efficiently, the accretion flow is significantly different from a thin disc-like configuration. Such a situation could happen both at very high and very low optical depths of accretion flow. In the first case, the released energy is converted to radiation which is trapped by the optically thick flow and advected into the black hole (Katz 1977; Begelman 1978) . In the low-optical-depth case there is no efficient mechanism to convert internal energy of the gas into radiation on a time-scale shorter than or comparable with the accretion time, so the accreted gas remains at nearly virial temperature. Two types of stationary solutions for the optically thin accretion discs have been found: the locally radiative cooled solution (Shapiro, Lightman & Eardley 1976, hereafter SLE) , which is thermally unstable, and the advection-dominated solution (Ichimaru 1977; Narayan & Yi 1994; Abramowicz et al. 1995) . The scaleheight H of the non-standard accretion disc models is large, H=r ϳ 1, because of the almost virial energy of gas or gas-radiation mixture. Under certain conditions the shape of such accretion flows is closer to spherical than to disclike.
Advection-dominated accretion flows (ADAFs) have recently attracted much attention since they naturally explain the properties of X-ray transients, low-luminosity active galactic nuclei and other high-energy objects. Most of the information about the ADAF structure derives from a simplified vertically integrated approach, which reduces the complicated three-dimensional problem of accretion flow hydrodynamics to a one-dimensional problem (see Narayan & Yi 1995b; Chen, Abramowicz & Lasota 1997; Narayan, Kato & Honma 1997; Igumenshchev, Abramowicz & Novikov 1998) . In the vertically integrated approach, only the radial structure of the disc is studied in a detailed way. As a result of significant simplifications introduced by the vertical integration, some important effects, such as convection (Narayan & Yi 1994; Igumenshchev, Chen & Abramowicz 1996) or outflows (see discussion in Narayan & Yi 1994) , are not properly treated. Our understanding of ADAF properties could be improved by a discussion of twodimensional time-dependent hydrodynamical models, where one explicitly treats both the radial and vertical structure of the accretion flow, and where the non-regular azimuthal motions are approximately treated as a turbulent viscosity.
In this paper we continue the study of the dynamics and structure of two-dimensional rotating accretion flows around black holes started in our previous work (Igumenshchev et al. 1996) . We construct hydrodynamical time-dependent models with viscosity parameter a ϳ 0:1 ¹ 1 and high geometrical thickness. We assume a simplified model of the radiative cooling: ð1 ¹ Þ of the energy generated by the viscous dissipation is radiated away. The parameter characterizes the strength of advection, i.e. how much of the liberated energy is carried in by the accretion flow. We consider a large value of (0:5 Յ Յ 1). We demonstrate that the stability of the flow depends strongly on the viscosity value. The low-viscosity flows (a Շ 0:1) are convectively unstable, and the instability produces a quasi-periodic behaviour of the accretion flows and outflows. In the case of high viscosity (a ϳ 1), the convective instability is suppressed, and the flow is stable. At the same time, the overheating of the inner region of the flow arising from the viscous dissipation produces stationary bipolar outflows. We discuss the computational method in Section 2. Numerical results are presented in Section 3, and conclusions are given in Section 4.
M E T H O D O F S O L U T I O N
Our numerical technique is based on the solution of the nonrelativistic Navier-Stokes equations in the spherical coordinate system (r, v, J) in a stationary gravitational field of a black hole. The gravity of the black hole is modelled by the Newtonian potential
where r g ¼ 2GM=c 2 is the gravitational radius of black hole of mass M. We assume axial symmetry of the flow with respect to the rotational axis that coincides with the v ¼ 0 direction. We take into account the contribution of all components of the viscous stress tensor to the equations of motion and the energy equation. Only shear viscosity is considered.
The validity of the hydrodynamics approximation for the accretion flows near a black hole, even for moderate or small accretion rates, when the free paths of the plasma particles with respect to the Coulomb collisions are large, can be satisfied in the presence of the magnetic field frozen in the accreting electron-proton plasma. It seems that a rough equipartition between the magnetic and gravitational energies in the flow is established, so the Larmor radius of protons and electrons moving at thermal velocities will be smaller than the spatial scales of plasma motion for any reasonable conditions (Shvartsman 1971) . Also, the applicability of the NavierStokes equations to such a magnetized plasma is valid if the magnetic strength lines are isotropically tangled on small enough scales, ᐉ m p r.
For simplicity, we describe the dynamics of accreting plasma in the framework of a one-fluid approximation. We use the equation of state for an ideal gas. The adiabatic index of gas is assumed to be a constant, and takes the value g ¼ 3=2. In this case the equation of thermal energy conservation can be written in the form (see, e.g., Tassoul 1978) 
where the operation d=dt is the comoving (Lagrangian) time derivative, S is the specific entropy, Q visc is the dissipation function and Q rad is the volume cooling rate. The problem of the radiation losses in the high-temperature magnetized plasma is quite a difficult one, and it is far from the complete solution. We do not address this problem here, but instead assume a simple model for the cooling rate,
where is a parameter, Յ 1. The case ¼ 1 corresponds to the non-radiating accretion flow, whereas ¼ 0 corresponds to the isentropic flow. We note that the thermally unstable SLE solution has negative and close to zero (see Igumenshchev et al. 1998) .
The kinematic viscosity coefficient is described by
where a is a constant, 0 < a Շ 1, c s ¼ RT=m p is the isothermal sound speed, and Q K ¼ c r g =2r 3 q is the Keplerian angular velocity. To solve the Navier-Stokes equations we split the numerical procedure of the one time-step Dt calculation into two parts, hydrodynamical and viscous. The hydrodynamical part is calculated by using the explicit finite-difference PPM algorithm developed by Colella & Woodward (1984) . The viscous part is solved by the implicit operator splitting method (see, e.g., Press et al. 1992) for the contributions to the equations of motion. The viscous contribution to the thermal energy equation (2) is calculated using an explicit scheme. The time-step Dt is chosen in accordance with the Courant condition for the hydrodynamical sub-step.
The numerical grid is homogeneously spaced in the v direction and extended from v ¼ 0 to , and logarithmically spaced in the r direction. The inner boundary is located at the radius 3r g , which is the location of the last stable orbit of the Schwarzschild black hole. At this radius the absorbing boundary conditions for inflowing matter are being used.
The outer boundary is located at the radius Ӎ300r g . The free outflow boundary condition for outflowing matter is used there, and no inflow is allowed. The accretion flow comes from a distributed source which injects the matter with a fixed rateṀ inj . The source is located very close to the outer boundary. It is narrow in the radial direction and extends in the polar angle by Dv ¼ =8 up and down the equatorial plane. Injected matter has zero r and v components of velocities, and the fraction 0:95 of the Keplerian angular velocity. The internal energy of this matter is set to be equal to the fraction 0:2 of the absolute value of its gravitational energy. As a result of viscous heating and redistribution of the angular momentum, a part of the injected matter outflows behind the outer boundary. It is not followed further in our calculations. Most of the rest of the matter flows inward and forms the accretion flow. The resulting accretion flow inside the radius 150-200 r g depends only very slightly on the detailed properties of the matter source.
We look for stationary or quasi-stationary solutions, which are obtained in the course of the time-dependent calculations from the initial state. This requires us to follow the evolution of the flow pattern during a few characteristic accretion times, measured as an average time of motion of the matter from the outer boundary to the inner one.
R E S U LT S
We have calculated a number of evolved models, the parameters of which are listed in Table 1 . The problem becomes independent of the black hole mass M with a spatial re-scaling with r g and time rescaling with r g =c, and it obviously scales for different values of the mass injection rateṀ inj . With fixed boundary conditions, the numerical models are described by two parameters, a and . The models are calculated using a numerical grid with resolution The lines are spaced with DM ¼ 0:05. The maximum value of M at given radius is reached at the equatorial plane. Two stagnation points, where M ¼ 0, locate at the axis of rotation at radius 8r g . The flow is subsonic (M < 1) everywhere in our computation domain, which has an inner boundary at r ¼ 3r g .
together with wide and deep bipolar outflows. Two stagnation points, which separate the inflow and outflow at the axis of rotation, locate at radial distance 8r g (see Fig. 1 , lower left and right plots). Model 3 does not show deep outflows (see Fig. 2 ). The stagnation points locate at radius 80-90 r g on the axis of rotation. Inside this radius, the matter moves to the black hole almost radially. The most interesting difference between Models 1 and 3 is in the distribution of the Mach number in the equatorial region. At a given radius, the distribution of the Mach number has a maximum at the equator in the case of Model 1, and an equatorial minimum and two symmetric maximums out of the equatorial plane in the case of Model 3. The origin of the equatorial minimum of the Mach number in the latter case can be explained by the overheating of the inner equatorial parts of the flow as a result of viscous dissipation. We will see later that this overheating is the reason for the convective instability that develops in the accretion flows of low viscosity. In this sense, the case a ¼ 0:3 is close to the marginally stable state. . The accretion flow is stationary (but close to the marginally stable state) and symmetric with respect to the equatorial plane. The prolate shape of spheroids P ¼ const seen in the models with a ¼ 1 is changed here to the oblate one (upper right plot). Inside the radius ϳ50r g , the matter moves toward the black hole almost radially in all directions (lower left plot). Weak bipolar outflows originate at quite large distances from the black hole -the stagnation points are located at radius 80 ¹ 90r g on the axis of rotation. The Mach number increases toward the black hole and its twodimensional profile has a hollow at the equatorial region. This hollow indicates local overheating of the equatorial accretion flow. Part of the accretion flow in the range ϳ20 ¹ 30
• of the polar angles between the equator and polar directions becomes supersonic at radius 5 ¹ 6r g . The equatorial and polar inflows remain subsonic until they reach the inner boundary.
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The equatorial overheating is not observed in the high-viscosity flow, a ¼ 1, probably because of the cooling effect of the deep bipolar outflows. The change of the parameter from 1:0 to 0:9 in the models with a ¼ 1 (models 1 and 2, respectively) only very insignificantly affects the result. This means that a moderate cooling in the accretion flows (Շ0:1 fraction of the viscous heating) cannot significantly change the structure of the flow that follows from the non-radiating simulations. To study the influence of the numerical grid resolution on the results, we calculate two identical models using different numerical grids (models 3 and 4, see Table 1 ). These models are almost independent of the grid resolution.
All of our low-viscosity models with a Յ 0:1 are unstable. They show rich and complicated time-dependent variations of flow pattern. In the case of a ¼ 0:1, only a large-scale (ϳr) instability is observed. One can clearly see in the plots of Fig. 3 the reason for the instability -hot convective bubbles, which quasi-periodically originate in the innermost region of accretion flow and propagate ᭧ 1999 RAS, MNRAS 303, 309-320 outward. Detailed study of the initial stages of evolution of the convective bubbles in thick accretion discs was given by Igumenshchev et al. (1996) . Similarly to the previous study, the convective bubbles originate in the region 4 ¹ 6 r g from the centre. They are hotter than the surrounding matter and are heated up further by the viscous dissipation. The Archimedes buoyancy forces them to move outward and during the motion they deviate from the equatorial region to the polar directions. The fluid motion in the convective bubble has a characteristic pattern of two vortices rotating in opposite directions (as seen from the meridional plane). At the centre of the convective bubble, the vortices touch each other, and the fluid velocity is directed outward.
The bubbles arise from the initial perturbations, which usually appear in the v directions, when the maximum mass flux on to the black hole occurs. As a rule, the bubbles originate near, slightly above or below, the equatorial plane. When a bubble has developed, ᭧ 1999 RAS, MNRAS 303, 309-320 Regions of local increasing of the entropy, which are seen as a characteristic structure in the upper right and lower left plots in the low hemispheres, are connected with the overheated convective bubble. This bubble originates close to the equatorial plane in the innermost region and moves outward under the action of the buoyancy force, deviating to the polar direction. During the evolution of the bubble, the velocity field of the accretion flow is changed significantly. The initial (upper left) and final (lower right) flow patterns are very similar, but are mirror-symmetric with respect to the equatorial plane. These snapshots show the evolution of the accretion flow for about half of a quasi-period of variability. Further evolution repeats this cycle, with a similar flow patterns.
it forces the direction of the maximum mass inflow to change. In the new direction, a new convective bubble originates when the previous bubble reaches the radial distance 50-100 r g . This cycle repeats quasi-periodically. Typically, convective instability produces sequences of convective bubbles, where the previous and next bubbles originate and move outward in different hemispheres with respect to the equatorial plane. Sometimes, however, because of the stochastic nature of fluid motion, two or even three subsequent convective bubbles can arise and develop in the same hemisphere, as shown in Fig. 3 (top left panel) . An example of the evolution of flow structure for half of a cycle is shown in Fig. 4 . The quasi-periodic behaviour of the convective bubbles, accompanied by outflows in the polar directions, produces a significant variability of the flow pattern inside r ϳ 100r g . The intensity and direction (up or down) of the outflows strongly correlate with the convective activity in the vicinity of the black hole.
We study the influence of the energy losses on the time-dependent behaviour of accretion flow in models 6 and 7, assuming the
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᭧ 1999 RAS, MNRAS 303, 309-320 . These funnels are filled with low-density matter, which moves inward to the black hole with a high supersonic velocity, M ϳ 10 ¹ 20 (lower right plot). Between the inflowing funnel parts and the equatorial (main) part of the accretion flow are the regions of outflowing matter (more clearly seen in the larger radial distances than shown in the figure) . This outflowing part of the flow is also time-variable.
parameter ¼ 0:9 and 0:5, respectively. Both models are unstable and do not show significant differences from the non-radiating model 5 in the variability of flow structure. The spatial scale of perturbed motion in the accretion flow becomes smaller the decrease of the viscosity parameter a. Accordingly, the flow pattern is more complicated in model 8 (a ¼ 0:03). Small-scale vortices accompany the convective motion. The vortices exist for quite a long time, and as a result of the strong interactions between convective bubbles and vortices, it is not practical to follow the evolution of a single convective bubble. It is more convenient to describe the time-averaged properties of the flow. A snapshot of the flow pattern of model 8 is presented in Fig. 5 . It demonstrates non-monotonic distributions of density, velocity and Mach number in accretion flow. In spite of this complicated picture, the flow can be distinctly divided into three parts. The equatorial part contains most of the accreting matter, which gradually moves toward the black hole via vortices and irregular motions. The polar regions are filled by the low-density matter, which moves supersonically (M ϳ 10 ¹ 20) towards the black hole. This part of the flow closely resembles the funnels of thick accretion discs. Between the equatorial and polar parts of flow there is a conical layer of outflowing matter. The outflowing part is highly variable because it is irregularly fed by overheated matter from the convective bubbles that come from the equatorial part of the flow. The polar inflows are fed by the matter that turns back from the outflowing part.
To study the time-dependent behaviour of the unstable models 5 and 8, we have calculated a time series of the rate of radiative energy losses in the case of proton-electron bremsstrahlung cooling,
Here the integration is taken over the volume of a sphere with radius 100 r g . Fig. 6 shows the time variations in the relative amplitude DL=L 0 for models 5 and 8. L 0 is the time-averaged value of LðtÞ. Fig. 7 shows the power spectra of these time series (see, e.g., Press et al. 1992) . The time variability of these models is characterized by quasi-periodic oscillations with relative amplitude 20 ¹ 30 per cent. The power spectra Pðf Þ of the oscillations consist of a power-law dependence with an index of 2 and some features in the low-frequency part. One can see that the features differ significantly in the case of models 5 and 8, which themselves only differ by a value of the a parameter. Model 5 (a ¼ 0:1) has a power spectrum with a strong feature at frequencies 10 ¹ 20 ðM ᭪ =MÞ Hz. The power spectrum of model 8 (a ¼ 0:03) has a weak feature at the same frequencies 10 ¹ 20 ðM ᭪ =MÞ Hz and a stronger feature at 1 ¹ 2 ðM ᭪ =MÞ Hz. The 10 ¹ 20 ðM ᭪ =MÞ Hz oscillations of model 5 and the 1 ¹ 2 ðM ᭪ =MÞ Hz oscillations of model 8 can be explained by the quasi-periodic presence of convective bubbles and the perturbation of the accretion flow introduced by these bubbles. The accretion flow in model 8 is characterized by the presence of small-scale vortices, which interact and produce complicated variable flow patterns. It seems that the weak 10 ¹ 20 ðM ᭪ =MÞ Hz feature in model 8 can be connected to the small-scale vortex motion. The Bernoulli parameter, defined as the sum of the kinetic energy, the enthalpy and the potential energy of the accretion flow,
is of interest because the positive value of it indicates the ability of some fraction of accretion matter to reach infinity with a net positive kinetic energy. The resulting outflows or wind can effectively cool the accretion flow and stimulate further accretion. In the stationary viscous flow, the Bernoulli parameter is not conserved along a streamline as it is in the case of the ideal fluid. Thus, it is important to check from numerical models the behaviour of the Bernoulli parameter in a dissipative flow and its connection to the matter inflow and outflow. Consider the dimensionless Bernoulli parameter,Be ¼ Be=Q 2 K r 2 . Fig. 8 shows the distributions ofBe for models 1, 3, 5 and 8. The grey areas are the regions with negativẽ Be. A comparison of these plots with the corresponding velocity distributions shows that inward moving matter can have both negative and positive values ofBe. This is clearly seen in the case of model 3 (compare the upper right plot in Fig. 8 and the lower left plot in Fig. 2) , where the almost radially moving accretion matter has positiveBe inside 30 ¹ 50r g . On the other hand, the outflows are always connected with the region of positiveBe. The strong bipolar outflows in model 1 are accompanied by a significant increase ofBe along streamlines. One can see the connection of the positive (negative) values ofBe with the outflow (inflow) in model 5 (compare Fig. 8 , lower left, and Fig. 4 , lower right, which correspond to the same moment of time). The convective bubbles that have emerged in unstable models 5-8 are characterized by positivẽ Be. An example of such a bubble can be seen in Fig. 8 , lower right (compare with Fig. 5 , which corresponds to the same moment of time). The convective bubble is located at the radial distance 40 ¹ 60r g in the equatorial region and has a characteristic shape of an 'atomic mushroom', with the foot directed towards the black hole.
As was mentioned in the introduction, a few authors have constructed vertically integrated thick accretion disc models. In order to compare their models with our two-dimensional 
Fig . 9 shows the dependencies ofLðrÞ=r g c for models 1, 3, 5 and 8 (curves 1, 2, 3 and 4, respectively). All our models have a subKeplerian angular momentum even in the innermost region. Such a behaviour is expected and confirms the previous results for models with a > 0:01 (see Narayan et al. 1997; Igumenshchev et al. 1998 ). The ratioc s =v K , where v K ¼ Q K r is the Keplerian velocity, characterizes the relative thickness of the accretion disc, H=r ϳc s =v K . In Fig. 10 the distributions ofc s ðrÞ=v K are presented for the same models as in Fig. 9 . Inside 100r g the relative thickness of flow does not change significantly, except in model 1 (a ¼ 1), in which the relative thickness of flow is increased in the innermost part. In agreement with the vertically integrated accretion disc models (Narayan et al. 1997; Igumenshchev et al. 1998) , the relative thickness of flow in our models increases with increasing a.
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C O N C L U S I O N S
We have constructed models of rotating accretion flows around black holes. The flows are described by the Navier-Stokes equations, solved numerically using a two-dimensional timedependent hydrodynamical code. Our models have a small cooling rate and they closely resemble the ADAF solution (Ichimaru 1977; Narayan & Yi 1994; Abramowicz et al. 1995) , which is now widely discussed in the context of the explanation of the observed X-ray spectra of Galactic black hole candidates. Our non-radiating models can be also applicable in case of the very optically thick super-Eddington accretion discs of low efficiency (Katz 1977; Begelman 1978) . We have found two types of accretion flows: high-viscosity flows (viscosity parameter a տ 0:1) that are smooth and steady, and low-viscosity flows (a Շ 0:1) that are non-steady. The high-viscosity flows are symmetric with respect to the equatorial plane and have a strong equatorial inflow and bipolar outflows. The outflows are more powerful and originate closer to the black hole for a larger value of a. The stagnation point, which divides the inflow and outflow at the polar axis, moves outward, as the value of a decreases. For the radial distances less than the radius 318 I. V. Igumenshchev and M. A. Abramowicz ᭧ 1999 RAS, MNRAS 303, 309-320 of the stagnation point, matter moves almost radially inwards in all directions. The low-viscosity flows demonstrate a strong time-dependent behaviour. It is connected with the development of the convective instability in the accretion flow. The convective instability results in hot convective bubbles, which quasi-periodically originate in the innermost part of the accretion flow. The period is determined by the viscous time-scale of the flow. The larger period corresponds to the smaller a. The flows with larger a (ϳ0:1) are characterized by larger spatial scales (ϳr) of unstable motion of matter. The flows with low a (Շ0:03) are noisy, they consist of a large number of small-scale vortices. In the latter case the regular inward motion of the matter can be seen just through the averaging of these irregular motions.
The existence of two types of accretion flows for different a can be qualitatively explained by the role of viscosity in the suppression of the convective instability in accretion flows. It was shown by numerical simulations that thick accretion discs of low viscosity (a Շ 0:01) are convectively unstable (see Igumenshchev et al. 1996) . In case of the self-similar solution for ADAFs, an analogous conclusion was obtained in analytical analyses (see Narayan & Yi 1994 , 1995a . The convective instability results in the vortex motion of gas of different spatial scales. The minimum scale is determined by the strength of the viscosity. Smaller scales are suppressed by the viscosity. When the viscosity parameter a increases up to ϳ0:1, the minimum scale of unstable motion is about the radial distance. We observed the unstable motion of accreting gas with this maximum possible scale in models 5, 6 and 7, in which a ¼ 0:1 (see Fig. 4 ). For a տ 0:1, the unstable motion of gas is suppressed at all scales. Now, the inner region of accretion flow is overheated because of the absence of the outward directed energy flux carried by the convective motion. This overheating can change the structure of the flow and result in the formation of stationary polar outflows, which effectively cool the inner region. Larger viscosity produces deeper polar outflows.
Time variability of the low-viscosity accretion flows results in oscillations of the total luminosity with relative amplitude 20 ¹ 30 per cent. The obtained oscillations have the frequencies in the range ϳ1 ¹ 20 ðM ᭪ =MÞ Hz for flows with a value of a ¼ 0:03-0:1. Note, this variability has typical time-scales in the observed quasiperiodic oscillations (QPOs) range of the Galactic black hole candidate X-ray sources.
Our unstable models are restricted by the assumption of the axial symmetry, and they do not properly describe convective motion, which must have a three-dimensional structure. Anyway, these two-dimensional models give us strong qualitative conclusions, that (i) the low viscous accretion flows of low efficiency are convectively unstable, and (ii) the convection in the innermost part of the optically thin flows can produce the variability of outgoing radiation.
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